We study the four channels associated with neutrino-deuteron breakup reactions at next-to-next-to-leading order in effective field theory. We find that the total cross section is indeed converging for neutrino energies up to 20 MeV, and thus our calculations can provide constraints on theoretical uncertainties for the Sudbury Neutrino Observatory. We stress the importance of a direct experimental measurement to high precision in at least one channel, in order to fix an axial two-body counterterm.
I. INTRODUCTION
Our understanding of electroweak processes on the deuteron is reaching a critical juncture. The Sudbury Neutrino Observatory is taking data, and a thorough understanding of neutrino-deuteron scattering is an important part of the analysis in that experiment ͓1,2͔. Of further note, there is a proposal for a high-precision measurement of the reaction e d→e Ϫ pp in the ORLaND facility ͓3͔. Theorists have made a tremendous effort to understand ( ) -d scattering in a potential model framework ͓4-10͔, with the most recent independent efforts agreeing within a few percent at low energy ͓11,12͔. Given the ongoing experimental interest in these processes, efforts began to study ( ) -d scattering in the language of effective field theory ͑EFT͒ ͓13͔ for neutrino energies below 20 MeV. The EFT work employed the power-counting scheme of Kaplan, Savage, and Wise ͓14͔ and included pions. In working to nextto-leading order ͑NLO͒, it was found in Ref. ͓13͔ that theoretical uncertainties in the reactions d→np, d→ np, and e d→e ϩ nn were dominated by an unknown axial twobody counterterm L 1,A . It was possible to find different values of L 1,A which provided excellent fits to the potential model calculations of Refs. ͓10,11͔. Further, we found that the ratio of charged current to neutral current ͑CC/NC͒ cross sections was insensitive to this counterterm. This confirmed the insensitivity to short-distance physics first discussed by Ref. ͓11͔ . However, it is not clear whether a power-counting scheme exists which would allow us to extend the theory with pions to higher order ͓15-18͔, as would be required to constrain our theoretical uncertainties.
In this work, we employ the theory without pions ͓19͔ ͑see also earlier works ͓14,20-26͔͒ which has proven so successful in providing for high-precision calculations for other processes like np→d␥ ͓27,28͔. This allows us to consider next-to-next-to-leading order ͑NNLO͒ corrections, and to incorporate Coulomb effects cleanly, following the prescription of Kong and Ravndal ͓29͔ with some generalization. As a result, we present a complete set of calculations for all four reaction channels including the most important pp channel. No new parameters are introduced at this order, so it becomes a stringent test of the convergence of the calculation and thus on the theoretical uncertainties. Further, new potential model calculations exist ͓12͔ and a comparison to those is worthwhile, given that these new calculations yield different results at threshold to those in Ref. ͓10͔ . We continue to emphasize the importance of fixing the axial counterterm through a direct experimental measurement. This has implications not only for neutrino-deuteron scattering, but also for pp→de ϩ e , NN→NN , and parity violating e ជ -d scattering.
II. THE LAGRANGIAN
We will briefly review nuclear effective field theory without pions ͓19͔. The dynamical degrees of freedom are nucleons and nonhadronic external currents. Massive hadronic excitations such as pions and the delta are treated as nondynamical, point interactions whose effects are encoded in the local operators in the Lagrangian. The nucleons are nonrelativistic but relativistic corrections are built in systematically. Nuclear interaction processes are calculated perturbatively with the small expansion parameter
Qϵ
͑ 1/a,␥,p,͉q͉͒ ⌳ ͑1͒
which is the ratio of the light to heavy scales. The light scales include the inverse S-wave nucleon-nucleon scattering length 1/a(Շ12 MeV͒ in thenucleon center-of-mass frame, and the momentum transfer to the two nucleon system ͉q͉. The heavy scale ⌳ is set by the pion mass m . How each term in the Lagrangian scales as powers of Q can be found in Ref. ͓19͔. It is the nontrivial renormalization of the strong interaction operators makes the scaling different from a naive derivative expansion ͓14͔.
A. The effective Lagrangian
The Lagrangian of an effective field theory for nucleons can be described via
where L n contains operators involving n nucleons. Neglecting for the moment the weak-interaction couplings, we have
͑3͒
where N is the nucleon field, M N is the nucleon mass, D 0 and D are covariant derivatives and the D 0 2 term is the leading relativistic correction.
The two-nucleon Lagrangian needed for a calculation to NNLO is
where P i and P i are spin-isospin projectors for the 3 S 1 channel and the 1 S 0 channel, respectively,
where matrices act on isospin indices and matrices on the spin indices. We incorporate isospin symmetry breaking in the C 2n 
B. Weak interactions
The effective Lagrangians for charged ͑CC͒ and neutral current ͑NC͒ weak interactions are given by
where the l is the leptonic current and J is the hadronic current. We have used G F ϭ1.166ϫ10 Ϫ5 GeV Ϫ2 . For -d
and -d scattering,
The hadronic currents can be decomposed into vector and axial-vector contributions
where the superscripts represent isovector components ͑with S representing isoscalar terms͒ and, later, the currents will be labeled by the number of nucleons involved. In a NNLO calculation, the electron mass m e contributions to the matrix elements are counted as higher order ͑sup-pressed by a factor of m e 2 /␥ 2 ), such that q l ϭ0 up to NNLO. Similarly, if the neutrino mass m 0 but m 2 /␥ 2 Ӷ1, then the massless neutrino treatment we have here is still applicable. The nonrelativistic one-body currents are given by 
extracted from the proton target experiment. However, the newest deuteron target measurement suggests that the radiative corrections to the axial form factor were underestimated. Thus the central value of G M s (Ϫ0.1 GeV 2 ) could be 40% smaller ͓33͔. Theoretical predictions for s itself range from Ϫ0.8 nm to 0.8 nm.
Finally, there are two-body currents relevant to this process. As mentioned in Ref. ͓13͔, there are axial contributions
and analogous vector contributions to the deuteron magnetic properties, as described in Refs. ͓19,14͔
The parameters L 1 and L 2 can be fit from np→d␥ and the deuteron magnetic moment, respectively, and are given by L 1 ϭ7.24 fm 4 and L 2 ϭϪ0.149 fm 4 at ϭm ͓19͔.
III. " …-D NEUTRAL CURRENT INELASTIC SCATTERING
For the inelastic scattering process
ϩd→ϩnϩp, ͑18͒
the differential cross section can be written in terms of leptonic and hadronic tensors l and W as
where (Ј)ϭk 0 (k 0 Ј) represent the initial ͑final͒ neutrino energies
for NC processes. The leptonic tensor is given by
The hadronic tensor is the imaginary part of the forward matrix element of the time order product of two weak current operators. It can be parametrized by six different structure functions
where the momentum transfer q ϭk Ϫk Ј . We can easily see that W 4 ,W 5 , and W 6 do not contribute to the differential cross section because q u l ϭ0. In the laboratory frame ͑deuteron rest frame͒ the differential cross section simplifies to
where the is the angle between k and kЈ and we have used the relation
For d→ np scattering, the last terms on the right-hand sides of Eqs. ͑21͒ and ͑23͒ change sign. Phase space for this reaction is defined by
where ϭϪЈ, M N is the nucleon mass, and B (ϭ2.2245 MeV͒ is the deuteron binding energy. In the deuteron rest frame,
The structure function can be Q expanded as
Now we give the expressions for the structure functions order by order in the perturbative expansion.
A. Leading order "LO…
The LO diagrams in Fig. 1 give
The vector and axial-vector coupling coefficients are given by
The structure and interaction effects are contained in
The magnitude of the relative momentum between the finalstate nucleons is 2p, with
where ⑀ϭ0 ϩ . For the NC process,
Note that we have further expanded the q 2 dependence in powers of q 2 /(p 2 ϩ␥ 2 ) in order to later obtain analytic results for the Coulomb contribution in the pp channel. The error introduced is numerically small (Ӷ1% in total cross section͒ even though the neglected terms are formally LO.
The NN scattering amplitude has an expansion where the subscripts denote the powers in the small expansion parameter Q:
where d ϭ1.764 fm. Also,
where the scattering length a ( 1 S 0 ,np) ϭϪ23.7 fm is known to high accuracy while the effective range r 0 ( 1 S 0 ,np) ϭ2.73 fm has a 2% uncertainty ͓34͔. This uncertainty is insignificant in this calculation.
B. Next-to-leading order "NLO…
At NLO, W 0 and W 1 receive contributions from diagrams in Fig. 2 while W 3 receives contributions from diagrams in Fig. 3 :
where
The expressions for C 0 ( 1 S 0 ) and C 2 ( 1 S 0 ) can be found in Appendix A. Through W 3 , we become sensitive to weak magnetism at NLO, with coupling coefficients given by 
At NNLO, we should mention the effects of other partial waves, beyond S wave. The P-wave NN rescattering does not contribute at NNLO. The D wave would contribute to W 4 at NNLO, but this structure function does not contribute to the cross section, so we can neglect D-wave initial and final states, also.
A summary of the expressions in both this and the next section, order by order, can be found in Appendix B.
IV. " …-D CHARGED CURRENT INELASTIC SCATTERING
For CC processes, a few inputs change from their NC values and there are effects of electron/positron mass to consider. For d→e ϩ nn, the sign of the last term of Eq. ͑23͒ is FIG. 4 . Diagrams at NNLO that contribute to W 0 and W 1 . The black diamond represents an insertion of the C 4 operator in the 1 S 0 channel, and C 4,Ϫ3 , C 2,Ϫ1 , C 0,1 in the 3 S 1 channel. Other features are as described in Fig. 1.   FIG. 5 . Diagrams at NNLO that contribute to W 0 and W 1 through two insertions ͑black squares͒ of the C 2 operator in the 1 S 0 channel, and C 2,Ϫ2 , C 1,0 in the 3 S 1 channel. Other features are as described in Fig. 1.   FIG. 6 . Diagrams at NNLO that contribute to W 0 and W 1 through mixed insertions of the L 1,A and L 2,A operators ͑white circles͒ and C 2 operators ͑black squares͒. Other features are as described in Fig. 1.   FIG. 7 . Diagrams at NNLO that contribute to W 3 . The filled circle represents an insertion of the two-body current L 1 or L 2 . Other features are as described in Figs. 1 and 2. ϩ. S 1 , S 2 , S 3 , and B 0 in Eqs. ͑19͒, ͑23͒, and ͑31͒ still take the same functional forms as for NC channels. The phase space is modified, due to the positron mass m e and the neutron-proton mass splitting ␦mϭm n Ϫm p , to be
In principle, there are also electron mass corrections to Eq. ͑23͒, but these are only important close to threshold and that region will not be probed by SNO. For the most part, however, the primary difference between the neutral current and charged current cases is the fact that the charged current processes are purely isovector. As a result, the charged current results can be obtained from the neutral current structure factors with the substitutions: This approximation is valid because the strength of a singlephoton exchange between two particles with relative velocity v scales as ␣/v. The effect becomes sizable only when the photon exchange becomes nonperturbative, i.e., vՇ␣. For an electron, this velocity corresponds to a wavelength much longer than the size of the two proton system, thus Eq. ͑50͒ is justified. For the proton-proton electromagnetic interaction, the Coulomb contribution is enhanced by a factor of 1/v and dominates over other short-distance photon exchange processes. We explicitly compute the long-distance Coulomb contribution and encode the short-distance photon effects into the local operators which are then fit to the data. In this way we naturally incorporate all the isospin symmetry breaking effects in the calculation, except for the unknown counterterm L 1,A contribution. Since the L 1,A operator only encodes short-distance physics, the only contribution to isospin symmetry breaking is through hard photons, and thus the effect is of ϳO(␣) and thus negligible. The other symmetry breaking effects on L 1,A will be estimated later. For e d→e Ϫ pp the sign of the last term of Eq. ͑23͒ is negative (Ϫ). The effects of the Coulomb interaction are encoded in the S's and B 0 as
ͪ e 4 tan Ϫ1 (p/␥) ,
Finally, for the pp channel, Eq. ͑36͒ must be replaced by ͑see Appendix A͒
with the logarithmic derivative of the ⌫ function. and C 2 ( 1 S 0 ) used in Eqs. ͑40͒ and ͑46͒ should be replaced by
( 1 S 0 ,pp) and C 2,Ϫ2 ( 1 S 0 ,pp) as discussed in Appendix A.
Finally, modifications to the phase space and parameters in Eqs. ͑48͒ and ͑49͒ correspond to simply changing the sign of ␦m, ␦m→Ϫ␦m.
͑56͒
We note again that the expressions from this section, and the previous one, are summarized in Appendix B.
V. RESULTS

A. Unknown parameters
As discussed extensively in Ref. ͓13͔, contributions from ⌬s, s , and L 2,A which are not well constrained are, in fact, negligible (Ӷ1%) due to quasiorthogonality between initial and final states in the 3 S 1 channel. Thus, up to NNLO the axial two-body counter term L 1,A is the only unknown parameter contributing to each breakup channel. To estimate the effect of isospin-symmetry breaking on L 1,A , we consider how much L 1,A must vary in order for L 1,A ͓defined in Eq. ͑40͔͒ to take on a universal value. This assumes that the symmetry breaking effects in C 0
( 1 S 0 ) , C 2 ( 1 S 0 ) , and L 1,A are all comparable. The effect is ϳ10% in the value of L 1,A at ϭm for a natural value of L 1,A given by dimensional analysis
This 10% uncertainty in L 1,A corresponds to a 1% uncertainty in the total cross sections. This means that we can treat the symmetry breaking effect on L 1,A as higher order, and that we can take L 1,A to be the same in all four channels to the precision of this calculation.
B. Total cross sections
We are now able to present a systematic and convergent picture of inelastic neutrino-deuteron scattering in all four channels: neutral current x ( x )d→ x ( x )pn ͑NC͒ with x ϭe,,, and charged current e d→e Ϫ pp and e d→e ϩ nn ͑CC͒.
We parametrize the cross sections as
where the coupling constant of the axial two-body current L 1,A ͑with ϭm ) is given in units of fm 3 , and present the results in Tables I and II . There are also terms quadratic in L 1,A at NNLO, but they are not significant for values of L 1,A considered here. We will neglect these quadratic terms.
We have performed this calculation to NNLO largely to test the convergence of the calculation and, in turn, be able to place constraints on the theoretical uncertainties in the calculation of ( ) -d breakup. In Fig. 8 we compare the size of NLO and NNLO contributions to the cross sections against the LO contribution. Given the uncertainty in L 1,A , we consider values Ϫ5 fm 3 рL 1,A р5 fm 3 . The shaded areas represent the range of NLO and NNLO contributions possible for these values of L 1,A . We see that the typical NLO contribution is of order 5-20 %, while the typical NNLO contribution is less than 5% and, better still, less than 3% above 5 MeV.
A clearer picture of convergence emerges if we decompose the cross sections into a symmetric piece arising from structure factors receiving contributions at all three orders (W 1 and W 2 ͒, and an antisymmetric piece receiving contributions only at NLO and NNLO (W 3 ). This is done for the neutral current cross sections in Fig. 9 , where we see a cleaner separation between size of the NLO and NNLO contributions. From this we can expect, with some confidence, that the NNNLO contribution will be less than 3%. This in turn represents the formal theoretical uncertainty in our calculation. FIG. 8 . Testing convergence of the EFT calculation in each of the four channels studied. Shown are the relative NLO and NNLO contributions to the total cross section in each channel, for values of L 1,A between Ϫ5 fm 3 and ϩ5 fm 3 .
Note that x ( x ) represents e, , or neutrinos ͑antineutrinos͒. We compare our results to those of the potential model calculations NSGK ͓12͔ and YHH ͓11͔ in Fig. 10 . We perform a global fit of our results to these model calculations with L 1,A as the only free parameter. We find that the best fit to NSGK is given by L 1,A NSGK ϭ5.6 fm 3 , and for YHH L 1,A YHH ϭ0.94 fm 3 . These values are both consistent with the natural value of L 1,A estimated in Eq. ͑57͒ and the quality of the fit is impressive. This indicates the 5-10 % difference in two potential model calculations is largely due to different assumptions made about short distance physics.
We further examine the ratios of our cross sections to the potential model results of NSGK and YHH in Figs. 11 and 12, respectively. We see that there are deviations of order 5% between our result and YHH in all four channels. The fluctuations seen are in the results of YHH, and disagreements at threshold are most likely due to differences in the effective range parameters that can be associated with each calculation. However, the agreement between our result at NSGK is quite impressive-better than 1% over the whole range of neutrino energies studied. For comparison, we note the effective range parameters used here and those calculated from the potential used in NSGK ͓35͔ ͑using the Argonne v 18 potential ͓36͔, but with only Coulomb electromagnetic interactions͒ in Table III .
Of importance to SNO is the ratio between charged and neutral current cross sections
As shown in Ref. ͓13͔, this ratio R at NLO was insensitive to the value of L 1,A , and that is still true at NNLO as seen in Fig. 13 . We consider two ratios, for both the -d ͑relevant to SNO͒ and -d channels. The latter was the only channel discussed in Ref. ͓13͔. Variations of L 1,A over a large range, from Ϫ20 to ϩ40 fm 3 , leads to a 6% variation in R. This likely represents an extreme variation, as it leads to as much as a 90% change in the total cross sections. The actual uncertainty in R is almost certainly much less. Further, we can see that our values of R agree well with the potential model   FIG. 9 . A further test of the convergence of the EFT calculation, using the NC channel. The left-hand graph arises from comparing contributions from the sum of the d and d channels, or specifically the contributions from W 1 and W 2 which received contributions from all three orders of perturbation theory. The right-hand graph looks at the difference between the two channels, or specifically the contributions from W 3 which appear at NLO and NNLO only. As in Fig 8, results ͑Fig. 14͒, with the worst agreement being seen when comparing to YHH. We use a median value of L 1,A ϭ3.7 fm 3 for this comparison. The poor agreement with YHH is biased towards threshold, and the likely reasons for this have already been discussed.
VI. SUMMARY AND CONCLUSIONS
We have performed a calculation to NNLO of all four channels of d and d breakup. Our work agrees very well with the latest potential model calculations, subject to the fitting of a single unknown counterterm L 1,A . Working at NNLO has allowed us to determine that our calculation indeed converges at the neutrino energies of interest, which in turn allows us to determine a formal theoretical uncertainty of 3% in our calculation. The only outstanding issue continues to be the determination of L 1,A .
It is imperative that an experimental determination of this counterterm be made. The theory without pions cannot reach energies that would allow this to be done with sample, but a breakthrough in the treatment of pions at NNLO might make access possible in the full theory. For now, ORLaND offers the best hope, with plans for a high-precision measurement in the -d CC channel.
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APPENDIX A: FITTING THE PARAMETERS OF EFFECTIVE FIELD THEORY
Here, we summarize the fits to parameters in the theory without pions.
The 3 S 1 channel
In the 3 S 1 channel, we use the effective range expansion about the deuteron pole. Thus,
FIG. 12. As in Fig. 11 , but comparing to the potential model result of YHH ͓11͔. The agreement is not as good here, using a best-fit value of L 1,A ϭ0.94 fm 3 . In this section we show how we fix the pp scattering parameters to phase shift data through matching on to effective range expansion.
The S-wave pp scattering amplitude can be decomposed into
where A C is the pure Coulomb interaction amplitude with strong interaction ''turned off'' and A SC is the remaining part with both strong and Coulomb interactions. Phase shifts ␦ and ␦ C are defined by FIG. 14. The ''ratio of ratios'' between the EFT results at NNLO and those of NSGK ͓12͔ and YHH ͓11͔, with the EFT results using a median value of L 1,A ϭ3.7 fm 3 . The upper graph compares the ratios for -d scattering, and the lower graph the ratios for -d scattering. Again, the agreement with NSGK is excellent.
Aϭ
where ␦ SC ϵ␦Ϫ␦ C . The effective range expansion states
where v (pp) is the shape parameter. This expansion is related to A SC /e 2i␦ C which can be thought of as the pp scattering amplitude with the pure Coulomb phase shift removed. The sum of the diagrams gives
with the Euler's constant ␥ E ϭ0.577. In Eq. ͑A14͒, a fourdimensional pole ␣M N 2 /(4(4Ϫd)), along with the threedimensional pole, are subtracted from J 0 using the PDS prescription.
It is convenient to insert the expansion parameter into Eqs. ͑A10͒-͑A12͒ to keep track of the Q expansion. Then the effective field theory parameters C 2n (pp) can be solved by matching the effective range expansion order by order in . 
͑A18͒
The solutions of parameters for nn and np ( 1 S 0 ) given in the preceding section can be obtained by taking ␣ϭ0 from the above expressions.
APPENDIX B: SUMMARY OF SCATTERING CROSS SECTION
In this appendix, we explicitly list the relevant formulas for the four ( )d breakup processes. To make the formulas compact, certain higher order terms have been resummed. The Q-expansion expressions to NNLO shown in the text can always be recovered by expanding in ⑀ to O(⑀ 2 ). Here ⑀ is just a device to keep track of the Q expansion-its value should be set to 1 after the expansion is performed.
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